Abstract. In a recent paper [4] we obtained explicit examples of twistor spaces that are associated to a compact self-dual four-manifold admitting a Killing field, and also determined their moduli space. In this note we investigate minitwistor spaces associated to these twistor spaces. We determine their structures, minitwistor lines and also their moduli space. In particular, we show that the moduli space is identified with the moduli space of smooth elliptic curves defined over the real numbers.
Introduction
In [5] P.E. Jones and K.P. Tod established a reduction technique for self-dual 4-manifold with a Killing field. We briefly recall their results. Suppose that a self-dual metric g on a 4-manifold M admits a free isometric U (1)-action. Then the quotient 3-manifold M/U (1) is naturally equipped with so called a Weyl structure, which is a pair of a conformal structure associated to a natural Riemannian metric on M/U (1) and an affine connection compatible with the conformal structure. As a consequence of the self-duality of the Riemannian metric g, a curvature of the affine connection satisfies a kind of Einstein condition and the pair becomes Einstein-Weyl structure. Moreover, the function on M/U (1) obtained by associating the length of each U (1)-orbits (with respect to g) satisfies certain linear equation, which is called a monopole equation. Thus, the Einstein-Weyl condition and the monopole equation are a non-linear part and linear part of the self-duality equation respectively. This construction is invertible. Namely, if a 3-manifold N is equipped with an Einstein-Weyl structure, and if M → N is a principal U (1)-bundle together with a positive solution of the monopole equation, a conformal structure on M is naturally constructed and it satisfies the self-duality equation. One can also refer [7] for details.
This inversion of the reduction method already produces non-trivial self-dual metrics even if one takes the flat Euclidean 3-space (with the trivial Einstein-Weyl structure) and if one allows a certain kind of singularity for the U (1)-bundle. Namely, the Eguchi-Hanson metric [1] on the cotangent bundle of CP 1 and the Gibbons-Hawking metric [2] on the minimal resolution of C 2 /Γ, where Γ is a cyclic subgroup of SU (2), are obtained in this way. Later, C. LeBrun [6] successfully applies the inversion construction for the hyperbolic 3-space (again with the trivial Einstein-Weyl structure) to give an explicit construction of self-dual metrics on nCP 2 , the connected sum of n copies of complex projective planes. This reduction technique for self-dual metrics with U (1)-symmetry can be translated into a twistorial setting [5, 6, 7] . In particular, taking the quotient of a self-dual manifold by the U (1)-action corresponds to taking the quotient of the associated twistor space by the natural holomorphic C * -action. Because C * -orbits behaves pathologically in general [3, §4] , the quotient space of this C * -action does not always possess a natural structure of a complex surface. But if the twistor space is algebraic (or Moishezon space) for example, such a pathological action cannot occur and the quotient space naturally becomes a complex surface (with singularities in general). In this case, the quotient complex surface is called a minitwistor space. For the Gibbons-Hawking metrics and the LeBrun metrics mentioned above, this is indeed the case; the resulting minitwistor spaces are the total space of the holomorphic tangent bundle of CP 1 for the Gibbons-Hawking metrics, and the product CP 1 × CP 1 for the LeBrun metrics. Here, important feature in these two basic examples is that, while the self-dual (or hyper-Kähler) structure actually deforms, the corresponding Einstein-Weyl 3-manifolds, and hence their minitwistor spaces, do not deform.
In a recent paper [4] the author explicitly constructed a 3-dimensional connected family of twistor spaces on 3CP
2 . The corresponding self-dual metrics has a non-trivial U (1)-action but are not conformal to the LeBrun metrics. Moreover, the constructed family is complete in the sense that, on 3CP
2 , every non-LeBrun self-dual metric with U (1)-action is a member of this family, at least if the self-dual metric has a positive scalar curvature. The purpose of this note is to investigate minitwistor spaces of these twistor spaces of 3CP 2 . Our first result is a determination of the structure of these minitwistor spaces; namely we show that the minitwistor spaces have a natural structure of a branched double covering of Σ 2 , the Hirzebruch surface of degree 2 with the (−2)-section contracted, and that the branching divisor is a smooth anticanonical curve which is necessarily an elliptic curve disjoint from the singularity of Σ 2 (Theorem 2.2). Roughly speaking this is a reflection of the fact that our twistor spaces of 3CP
2 have a structure of generically 2 to 1 covering of CP 3 branched along a singular irreducible quartic surface that is bimeromorphic to an elliptic ruled surface. We will see that the period of the branch elliptic curve equals that of the base curve of the branch quartic surface. We also show that the period of the branch elliptic curve uniquely determines the structure of a minitwistor space, and that the moduli space of our minitwistor spaces can be identified with the configuration space of different 4 points on RP 1 ≃ S 1 modulo the natural P SL(2, R)-action (Theorem 2.6). In particular, our moduli spaces constitute a 1-dimensional moduli space, which contrasts to the case of the Gibbons-Hawking metrics and the LeBrun metrics.
When investigating a twistor space, twistor lines are of fundamental significance. The images of twistor lines into minitwistor space are important as well and are called minitwistor lines. In Section 3, we investigate minitwistor lines in our minitwistor spaces. We prove that general minitwistor line is a nodal anticanonical curve of the minitwistor space, and that the natural morphism from a twistor line onto the minitwistor line gives the normalization of the nodal curve. Thus the situation is quite different from the case of the Gibbons-Hawking metrics and the LeBrun metrics, since in these two cases, general minitwistor lines are smooth rational curves which are biholomorphic images of twistor lines. Geometrically the appearance of the singularity of our minitwistor lines corresponds to the fact that for general twistor lines, there exists a unique C * -orbit intersecting the twistor line twice. Finally we give an account why such situation occur in our (mini)twistor spaces (Lemma 3.3), comparing that of LeBrun.
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The structure of minitwistor spaces and their moduli space
First we recall our previous results of [4] which determine global structure of the moduli space of self-dual metrics on 3CP 2 = CP 2 #CP 2 #CP 2 satisfying particular conditions. Apriori the real double root in the condition ( * ) belongs to one of the two intervals (−1, 0) and (a, ∞) on which the quartic y 0 y 1 (y 0 + y 1 )(y 0 − ay 1 ) is positive. But as showed in [4, §7.1] we can always suppose that the double root belongs to the latter interval (a, ∞) by applying a real projective transformation with respect to (y 0 , y 1 ), and in the following we always suppose this. We also recall that the quartic surface B defined by (1) satisfying the condition ( * ) has just three singular points
where (λ 0 , 1) ∈ CP 1 is the real double root (so that λ 0 > a by the above assumption). The killing field appeared in Proposition 2.1 generates an isometric U (1)-action of the self-dual metric. This U (1)-action naturally lifts to give a holomorphic U (1)-action on the twistor space Z. Then the holomorphic U (1)-action can be naturally complexified and we obtain a holomorphic C * -action on Z. This C * -action then descends on CP 3 , which was shown to be of the form [4, Prop. 2.1]
Of course this C * -action keeps the quartic surface B invariant. Moreover, the anti-holomorphic involution of CP 3 naturally induced from the real structure on Z is explicitly given by, again as shown in [4, Prop. 2.5],
where we are using a homogeneous coordinate in Proposition 2.1.
The following result describes a structure of the minitwistor spaces associated to the twistor spaces in Proposition 2.1: Proof. First we see that the orbit space of C * -action (2) on CP 3 is naturally identified with Σ 2 . Let l 0 = {y 2 = y 3 = 0} and l ∞ = {y 0 = y 1 = 0} be a pair of C * -invariant skew real lines. l 0 plus the two points P ∞ = (0, 0, 0, 1) ∈ l ∞ and P ∞ = (0, 0, 1, 0) ∈ l ∞ are the fixed points set of the C * -action (2). l ∞ \{P ∞ , P ∞ } is the unique exceptional orbit, in the sense that the isotropy subgroup is non-trivial. Now CP 3 \l ∞ is isomorphic to the total space of the bundle O(1) ⊕2 → CP 1 , where the isomorphism is explicitly given by
where u is a non-homogeneous coordinate on CP 1 and (ξ, η) is a fiber coordinate. Under this isomorphism, l 0 is mapped to the zero section of the bundle, and the C * -action (2) becomes (u; ξ, η) → (u; tξ, t −1 η) on mathscrO(1) ⊕2 . Thus the orbit space of the C * -action on CP 3 \l ∞ is identified with the total space of the line bundle O(2) → CP 1 , where the orbit map is explicitly given by
If we add the exceptional orbit l ∞ \{P ∞ , P ∞ }, then the corresponding point is added to O(2) in such a way that every fibers of O(2) → CP 1 are simultaneously compactified to CP 1 . Consequently we obtain the required surface Σ 2 , so that the exceptional orbit corresponds to the unique node of Σ 2 . We note that the quotient map from CP 3 onto Σ 2 is not holomorphic but just meromorphic which has indeterminacy at P ∞ and P ∞ .
Next we denote by B ⊂ Σ 2 the image of B under the orbit map and show that B is a smooth elliptic curve whose period is as stated in the theorem. By dividing the defining equation (1) by y 4 1 , the equation of the image of B under the composition of the isomorphism (4) and the orbit map (5) is given by (6) {ζ
Together with the condition ( * ) and noting that this is an equation in O(2), this means that B is a double covering of CP 1 whose branch is u = −1, 0, a and ∞. Moreover, the condition ( * ) implies that all of these 4 branch points are simple. Thus B is a smooth elliptic curve having a structure of the double covering of CP 1 whose branch is as in the claim of the theorem. By the composition of (4) and (5), l 0 is mapped to the zero section of O(2) → CP 1 . The intersection number of B with the zero section is clearly 4 by the equation (6) . From this it readily follows that B belongs to the anticanonical class of the total space of O (2) .
It remains to show that T has a structure of double covering whose branch curve is B. For this, let Φ 0 : Z 0 → CP 3 be the double covering whose branch is B. It is obvious that if O is a C * -orbit in CP 3 that is not contained in B, then the inverse image Φ
These mean that the the orbit space of the C * -action on Z 0 is a double covering of Σ 2 branched along the elliptic curve B. Again the quotient map from Z 0 to Σ 2 is just meromorphic which has indeterminacy at two points Φ −1 0 (P ∞ ) and Φ −1 0 (P ∞ ). Since B is smooth and does no go through the node of Σ 2 , the double covering of Σ 2 has precisely 2 singular points. This singular surface T can be considered as the quotient space of Z itself, since Z is obtained from Z 0 by taking a small resolution of Z 0 . The two nodes of T correspond to the two exceptional orbits lying over l 0 \{P ∞ , P ∞ }.
From the above proof, we obtain a commutative diagram
where f and g are meromorphic maps whose sets of indeterminacy are Φ −1 (P ∞ ) ∪ Φ −1 (P ∞ ) for f and {P ∞ , P ∞ } for g. Here, recall that Φ is the composition of Φ 0 : Z 0 → CP 3 (the usual double covering with branch B) and a small resolution Z → Z 0 , where Z 0 has three isolated singular points over the three singular points P ∞ , P ∞ and P 0 of B.
Since the complexified C * -action on a twistor space is compatible with the real structure in general, minitwistor space also has a real structure. For our minitwistor space, it is explicitly given as follows: 
Then the elliptic curve B is invariant under this real structure on O(2), and the real structure of T induced by that of the twistor space Z is just the real structure induced by the real structure (8) on O(2) through the double covering T → Σ 2 .
The real structure (8) of course coincides with the natural real structure of O(2) viewed as the holomorphic tangent bundle of CP 1 acted by u → u. Proposition 2.3 can be readily deduced by using (3), (4) and (5) and we omit the detail of the proof.
Another realization of the minitwistor space T is given by the following Proof. Let ν : Σ 2 → Σ 2 be the minimal resolution and write B ′ = ν −1 (B). Let T ′ → Σ 2 be the double covering branching along B ′ . Then by Theorem 2.2, T ′ is the minimal resolution of T . Consider the composition T ′ → Σ 2 → CP 1 , where Σ 2 → CP 1 is a projection giving a ruling. Since B ′ is 2 to 1 over CP 1 , general fiber of the above composition map is CP 1 . Further, since B ′ has 4 branched points, the composition map has precisely 4 singular fibers, all of which are two (−1) curves intersecting transversally. If we choose four (−1)-curves among eight ones in such a manner that just two of them intersect one of the exceptional curves of the minimal resolution T ′ → T , and that the other two of them intersect another exceptional curve of T ′ → T , and if we blow them down, then we obtain a (relatively) minimal surface which must be CP 1 × CP 1 . This implies the claim of the corollary.
We note that although Corollary 2.4 gives an explicit construction of the minitwistor space as a complex surface, its real structure can never be obtained through this construction. More precisely, the blowing-down T ′ → CP 1 × CP 1 in the above proof never preserves the real structure. This can be seen, by going back to the twistor space, as follows. Consider singular fibers of T ′ → CP 1 in the above proof, which are pairs of (−1)-curves intersecting transversally at a point. Then each of these singular fibers is the image of a reducible member of the linear system |Φ * O(1)| = |(−1/2)K Z |, where Φ : Z → CP 3 is the generically 2 to 1 covering as in Proposition 2.1. Namely, each of the (−1)-curves are the images of the irreducible components, by the quotient map. Since the real structure of Z exchanges the irreducible components, the two (−1)-curves in T ′ must be a conjugate pair. Since the blowing-down T ′ → CP 1 × CP 1 contracts just one of the (−1)-curves for each reducible fiber, it cannot preserve the real structure.
The complex structure of our twistor spaces in Proposition 2.1 depends not only on a > 0 but also on the coefficients of Q(y 0 , y 1 ) in the defining equation (1) of the branch quartic surface B. We next show that for minitwistor spaces, this is not the case. Namely we show the following Proposition 2.5. Let T be the minitwistor space in Theorem 2.2. Then the complex structure of T is uniquely determined by a > 0 in the equation (1) . In other words, the complex structure of T does not depend on Q(y 0 , y 1 ) in (1).
Proof. Fix a > 0 and let Q 1 = Q 1 (y 0 , y 1 ) and Q 2 = Q 2 (y 0 , y 1 ) be two real homogeneous quadratic polynomials satisfying the condition ( * ) in Proposition 2.1. Let B 1 and B 2 be the quartic surfaces determined by (Q 1 , a) and (Q 2 , a) by the equation (1) respectively. Then we can write
Viewing (u, ζ) as a holomorphic coordinate on the total space of O(2) as in the proof of Theorem 2.2, this map is easily seen to define a holomorphic automorphism of the Hirzebruch surface Σ 2 . Moreover, by (6), the automorphism maps B 1 onto B 2 , where B 1 and B 2 are the images of B 1 and B 2 under the quotient map from CP 3 to Σ 2 . Thus we have concretely obtain an isomorphism of the pair (Σ 2 , B 1 ) and (Σ 2 , B 2 ). Thus the double cover T 1 and T 2 whose branches are B 1 and B 2 respectively are mutually biholomorphic, as desired.
Note that the isomorphism between the pair (Σ 2 , B 1 ) and (Σ 2 , B 2 ) given in the above proof commutes with the real structure (u, ζ) → (u, ζ), since d 0 , d 1 and d 2 in the proof are real. Thus the minitwistor space T is uniquely determined not only as a complex surface but also as a complex surface with real structure.
By Proposition 2.5 we can determine the moduli space of our minitwistor spaces. Let M be the moduli space of twistor spaces in Proposition 2.1. As showed in [4] , M is naturally identified with R 3 /G, where G is a reflection of R 3 having 2-dimensional fixed locus. Let N be the moduli space of the associated minitwistor spaces. We have a natural surjective map M → N sending each (isomorphism class of) twistor space Z to the (isomorphism class of) minitwistor space T . Then it is immediate from Proposition 2.5 to obtain the following
Theorem 2.6. Let N be the moduli space of our minitwistor spaces as explained above. Then N is naturally identified with the configuration space of different 4 points on a circle, divided by the usual PSL(2, R)-action on the circle.
Thus the moduli space N is naturally identified with the moduli space of smooth elliptic curves defined over real numbers. In particular our minitwistor space has a non-trivial moduli, which contrasts to the known examples such as Gibbons-Hawking's [2] and LeBrun's [6, 7] , where in these two cases the minitwistor spaces are the total space of O(2) and a quadratic surface CP 1 × CP 1 respectively and therefore constant, although the corresponding self-dual (or hyperKähler) metrics on 4-manifolds form a non-trivial moduli.
Description of minitwistor lines
As showed in the previous section, our minitwistor space T is a rational surface with two ordinary double points (Corollary 2.4). In this section we investigate minitwistor lines in T ; namely the images of twistor lines by the (meromorphic) quotient map f : Z → T . We investigate these minitwistor lines by using the diagram (7) . To this end, we first recall the images of twistor lines by the map Φ : Z → CP 3 , by using the results in [4] . A basic fact about twistor lines in our twistor space Z was that, the image of general twistor line by the map Φ : Z → CP 3 is a very special kind of conic, called touching conic, meaning that the conic is tangent to the branch quartic surface B at any intersection points which consists of 4 points in general [4 Proof. Since any conic in CP 3 is contained in some plane, we first study the restriction of g onto a general plane. Since general orbits of our C * -action (2) are conics, the restriction g| H is 2 to 1 for general plane H. Further, by elementary calculations, we can readily see that g| H can be identified with a quotient map of H = CP 2 by a reflection with respect to some line in H, and that the unique isolated fixed point of the reflection is mapped to the node of Σ 2 . We say that a conic in a plane H is symmetric if it is invariant under the reflection. Then among the complete linear system |O(2)| on H, symmetric conics in H form a codimension 2 linear sybsystem. It is easily seen that if a conic C is not symmetric, its image is an anticanonical curve in Σ 2 which has a unique node corresponding to the pair of intersection points of C and its image by the reflection. (The image of symmetric conic becomes linearly equivalent to the image of the fixed line of the reflection.) Thus we have seen that the image of a conic C by g is a nodal anticanonical curve in Σ 2 , as long as C is not symmetric. This shows the first claim of the proposition. In order to show that the claim is still true for general touching conics of B, it suffices to show that for a plane smooth quartic B H on H and any one of the 63 one-dimensional families of touching conics of B H (cf. [4, Prop. 3 .10]), there exists no real line in H for which all of the touching conics in the family become symmetric. This can be proved as follows. Let C be any one of the families of touching conics of B H and suppose that there is a line l in H for which all members of C are symmetric. Then by [4, Lemma 3.9 (ii)] there are precisely 6 reducible members of C , all of which are of course pairs of two bitangents. Since these reducible members must be symmetric with respect to l, the intersection points of each pair of bitangents must be on l. Let A = Φ −1 H (l), where Φ H : S H → H is the double cover of H whose branch is B H . Then it is immediate to see that A is an anticanonical curve of S H . We show that A is irreducible. For any irreducible member C of C , the inverse image Φ −1 H (C) splits into a sum of two smooth rational curves F 1 and F 2 on which Φ H are isomorphic onto their images, satisfying
. Let F be any one of F 1 and F 2 and consider the pencil |F | generated by F . Then members of C are the images of those of |F |. |F | has precisely 6 reducible members and all of the members are mapped biholomorphically onto a pair of bitangents which is a reducible member of C . Therefore since l goes through all the double points of the 6 reducible members of C , A = Φ −1 (l) goes through every 6 points that are double points of the reducible members of the pencil |F |. On the other hand, it is easily seen that F · A = 2 on S H . Hence the 6 points on S H must be smooth points of A. Moreover if h : S H → CP 1 denotes the morphism associated to |F |, the restriction h| A is 2 to 1 and the 6 points must be branch points of h| A . Hence A must be irreducible. Moreover, since there are 2 to 1 morphism onto CP 1 with at least 6 branch points, the genus of A must be at least two. This is a contradiction since A is an anticanonical curve of S H . Thus we have shown that there exists no line on H with respect to which all of the members of C are symmetric.
Combined with what we have proved in the first paragraph of this proof, it follows that g(C) is an anticanonical curve having a unique node, for general touching conic C. Since g| H is locally isomorphic outside the symmetric line on H, it follows that g(C) still touches the image B = g(B) at four points. Thus we have proved all the claims of the proposition.
Using Lemma 3.1 we show the following In particular, general minitwistor line in our minitwistor space T is not smooth. This contrasts the case for LeBrun's metrics, since in LeBrun's case, minitwistor space is CP 1 × CP 1 and general minitwistor line is a real (irreducible) curve of bidegree (1, 1) , so that always non-singular. 
Since L 1 + L 2 = −2K T ′ then we have a 1 + a 2 = b 1 + b 2 = 4 and n 1j + n 2j = 2 for 1 ≤ j ≤ 4. Moreover obviously we have (a i , b i ) = (1, 3), (2, 2) or (3, 1) for i = 1, 2. Now we show that every n ij must be 1. To see this, recall that the linear system |(−1/2)K Z | on the twistor space has precisely 4 reducible members
and that all of them are C * -invariant. Since the inverse image of each fiber of T → CP 1 by the quotient map f is C * -invariant member of |(−1/2)K Z |, it follows that the 4 reducible fibers
Thus combining with n 1j + n 2j = 2, we have n ij = 1 for all i and j. Once this is proved, it readily follows (a 1 , b 1 ) = (a 2 , b 2 ) = (2, 2), since the blown-up 4 points of α are located in the way described in Corollary 2.4, and in particular there are two sections of the projection with self-intersection zero on which 2 of the 4 points lie. Thus we have
Therefore the above item (a) cannot occur and (b) must hold for general L. Moreover, it is now obvious that L 1 and L 2 are anticanonical curves of T ′ . The reality of minitwistor lines is clear since the quotient map f preserve the real structure. Thus we obtain all claims of the proposition.
Finally we give another proof of the fact that general minitwistor line in T has a node (Proposition 3.2), and compare the case for LeBrun's metrics. Proof. As in Proposition 2.3, the real structure on the total space of O(2) (which is the smooth locus of Σ 2 ) is given by (u, ζ) → (u, ζ). Therefore the real locus of Σ 2 consists of the set {(u, ζ) | u ∈ R, ζ ∈ R} which form a torus, and the ordinary double point. As in the proof of Theorem 2.2, the branch locus B of the double covering φ : T → Σ 2 is defined by
and therefore the equation of T is given by
Therefore if (u, ζ) is a real point not lying on B, then each of the two points φ −1 (u, ζ) is real if and only if the inequalities u(u + 1)(u − a) > 0 and −Q(u, 1) − {u(u + 1)(u − a)} 1/2 < ζ < −Q(u, 1) + {u(u + 1)(u − a)} 1/2 are satisfied. The domain defined by these two inequalities consists of two open disks in Σ 2 . Thus the real locus of T contains two spheres, each of which is a double covering of the closure of the disks, ramified along the boundary circles.
On the other hand, it is easily verified that the two points of T lying over the ordinary double point of Σ 2 are conjugate of each other. Hence the real locus consists of the two spheres explicitly given above.
Next we see that one of the two spheres parametrizes C * -orbits in Z whose closures are C * -invariant twistor lines. From the above description, the two spheres are over two intervals In contrast to the situation described in Lemma 3.3, the real locus of the minitwistor space of LeBrun's metrics on nCP 2 consists of a unique sphere, which parametrizes C * -orbits whose closures are C * -invariant twistor lines. This is a reason why the image of general twistor lines by the orbit map is non-singular for LeBrun's twistor spaces.
